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Abstract 

This is a matricial description of all the fine group gradings on the exceptional Lie algebra 
0(8, C). There are fourteen. 

Keywords: fine grading, maximal abelian diagonalizable subgroup of automorphisms, exceptional 
Lie algebra, ©4. 

1 Introduction 

Given a Lie algebra L, a grading on L is a decomposition of vector spaces L — ©j e /Lj such that 
Li ^ and for each pair of indices i,j G I there exists k £ I such that LiLj C Lk (sec Definition 
2.1 below). Besides of its own mathematical interest, gradings on Lie algebras show up in numerous 
applications of physical nature. 

As it was already pointed out by Patera et al. in a series of papers on the subject [51 M ITUI ITT1 IT2"] . 
gradings are in the background of the choice of bases and the additive quantum numbers, and are a 
key ingredient when studying contractions that keep "undeformed" certain subalgebra (e.g. see [7]). 

Gradings on Lie algebras also play a relevant role in quantum mechanics via Jordan algebras [6] : 
given a pair of indices i,j G / verifying (LiLj)Li C Li, any element k G Lj gives rise to a Jordan 
algebra structure in Li by defining x o y = {xk)y. 

Gradings on the algebras o(n, C) have been computed in pQ and [5] for The case n = 8 is 

of special relevance because of its strong symmetry, reflected partly by the triality automorphism. 
This makes that our matrices algebra is usually considered as a exceptional Lie algebra. Some works 
with a treatment of gradings on exceptional Lie algebras are [2J [5] . Here we describe in detail all 
the fourteen fine gradings on 0(8, C) (see Section 3). The proof showing that these are all the fine 
gradings is lengthy and cannot be included here, so it will appear in 0]. 

2 Basic concepts 

In this minimal section, we introduce the basic concepts we use along this manuscript. 
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Definition 2.1. A grading on a Lie algebra L over a group G is a decomposition in vector 
spaces L = ® ge cL g such that L g Lh C L g h for all g,h £ G (sometimes called group grading), ft 
will also be required that G is generated by {g £ G | L g ^ 0}. We say that a grading is of type 
(hi, . . . , h s ) when there are hi components of dimension i, and s is the greatest nonzero dimension 
of a component. 

Definition 2.2. A grading is called fine when it cannot be refined. A refinement of the 
grading L = (B g <EcL g is another (group) grading L = (BheiiMh such that each component L g is sum 
of several components Mh- 

Example 2.1. The main example of a fine grading is the root decomposition in a simple Lie 
algebra, which turns out to be a grading over l) , for I the rank of the algebra. 

From now on, L will denote the algebra of skewsymmetric matrices o(8, C) = {x £ Matgxs( ( C) | 
x + x l = 0}. Let eij be the elementary matrix with (i, j)-entry 1, and the remaining entries zero, 
and define 6y = ejj — . Then {fry | i, j = 1, . . . 8, i < j} is a basis of L, and the following section 
describes the fine gradings on L in terms of this base. 

Recall that a grading on L is always the simultaneous diagonalization relative to a commuting 
set of semisimple automorphisms (more details in [2]). The grading is fine when it is produced by a 
maximal subgroup of semisimple automorphisms, which is usually called a MAD. 



3 The fine gradings 

We introduce some useful elements of 0(8, C) to describe the gradings on L. 

g(a) = en + e22 + 633 + e44 + \{a + ^)(e 5 5 + eee + e77 + ess) + f (a — ^)(es7 + ees + e?5 + es6) 
/(a) = i(a + ^)(en + e 2 2 + e 33 + e 4 4) + (e 5 s + e 6 e + e 7 7 + ess) + f (a ~~ i)( ei 3 + e24 + e 3i + 

h i a ) = 2( a + i)( ei1 + e22 + e33 + e44 + e55 + eB6 + e77 + ess ) 

+f (a — ^)(ei5 + e26 + e37 + 64s + e 5 i + ee 2 + e73 + es4) 
p(a) = en + e 2 2 + e 33 + e 4 4 + e 55 + e 66 + \{a + ^)(e 7 7 + e 8s ) + f (a - ^)(e78 + e 8 7) 
q(a) = en + e 2 2 + e 33 + e 4 4 + \{a + ^)(e 5 5 + e 6 e) + - ~)(es6 + eos) + e 7 7 + e 88 
r(a) = en + e 22 + §(a + ^)(e33 + e 4 4) + f(a - |)(e 3 4 + 643) + e 55 + e 6 e + e 7 7 + e 88 
s(a) = -|(a + ^)(en + e 2 2) + §(a - i)( e i2 + e2i) + e 3 3 + e 4 4 + e 55 + e 6 e + e 77 + e 88 

/1 = diag{l, 1, 1, 1, 1, 1, 1, -1} h = diag{l, 1, 1, 1, 1, 1, -1, 1} 

h = diag{l, 1, 1, 1, 1, -1, 1, 1} U = diag{l, 1, 1, 1, -1, 1, 1, 1} 

ft = diag{l, 1, 1, -1, 1, 1, 1, 1} /„ = diag{l, 1, -1, 1, 1, 1, 1, 1} 

ft = diag{l, -1, 1, 1, 1, 1, 1, 1} f 8 = diag{-l, 1, 1, 1, 1, 1, 1, 1} 

9i = fsh 32 = foh 34 = hhfif2 35 = hfehfz 

go = /2/1 gj = /7/5/3/1 39 = 78/7/4/3 310 = /6/5/2/1 313 = /4/3/2/1 

33 = ei2 + e 2 i + e34 + e 4 3 + e 56 + e 6 5 + e 78 + e 87 

38 = ei3 + e 3 i + e 2 4 + e 4 2 + e 57 + e 75 + e 68 + e 86 

311 = ei2 + 621 + 634 + 643 — 655 + em — e 7 7 + e 88 

312 = en - e 2 2 + e 33 - e 44 - e 56 + e 65 — e 78 + e 87 
314 = ei 5 + 626 + 637 + e4 8 + e 5 i + e62 + e 7 3 + e 8 4 

Notice that fi,gi,f(a),g(a),h(a),p(a),g(a),r(a),s(a) £ 0(8, C) = {P £ Mat 8x8 (C) | PP* = 
id} for all a £ C*. Thus we can use the adjoint map to obtain automorphisms of L by means 
of Ad: 0(8, C) -> Auto(8,C), AdP(a;) = P~ 1 xP. In particular, denote F, = Ad/ 4 and G % = 
Ad gi. With all these elements, we are prepared to describe completely the group of automorphisms 
producing each grading, denoted by Qi. We also provide the simultaneous diagonalization, which is 
a straightforward computation by means of any computer algebra software. 
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Grading over Z x Zf: Q\ — ({Ad g(u), G\, G 2 , G3, G4 \ u £ C*}) is an abelian diagonalizable 
subgroup of AutL. In fact it is maximal according to [5] (it is the MAD corresponding to T^j). 
Hence it produces a fine grading, of type (25, 0, 1), whose homogeneous components are: 



£ 1,1, _1 = (ibs,B — 63,7 — ib4.fi + 64,8}) £l 1:1 = ( — 65,6 — 4&5,8 + 4&6,7 + 67,8) 

£.1 ,1,-1.-1,1 = (463,6 — 63,8 — 4&4,5 + 64,7} £1 rlil _i rl = («6l,5 — 6l,7 — i&2,6 + 62,8) 

£1 ,1,-1,1,-1 = (—463,5 + 63,7 - 4&4,6 + 64,8) _i,i = (ibl,6 ~ &1,8 — 4&2,5 + 62,7) 

£1 ,1,-1,1,1 = (— *&3,6 + 63,8 - 4'6 4 ,5 + 64,7) Ll ,_i,i,i.-i = (— «6l,5 + &1,7 — 4&2,6 + &2,8> 

£i, -1,1,1,1 — {—ibi,6 + 61,8 — 462,5 + 62,7) Li,i, 1,-1,-1 = (61,2, 63,4, 67,8 + 65,6) 

£2,1,-1,-1,1 = ( — 163,6 — 63,8 + 164,5 + 64,7) 1/2,-1,1,-1,-1 = (— i'6l,5 — 61,7 + i&2,6 + 62,8) 
1/2,1,-1,1,-1 = (i63,5 + 63,7 + 464,6 + 64,8) L2, -1,1,-1,1 = (—i6i,6 - 61,8 + 462,5 + 62,7) 

£2,1,-1,1,1 = (ih,6 + 63,8 + 464,5 + 64,7} 1/2,-1,1,1,-1 = (461,5 + 61,7 + 462,6 + 623) 

1/4,1,1,-1,-1 = ( — 65,6 + 465,8 — 4'6e,7 + 67,8) -£/2,-l,l,l,l = (4'6l,6 + 61,8 + 462,5 + 62,7) 
£l,l,l,l,-l = (65,8 + 66,7} £2, 1,-1, -1,-1 = (—463,5 - 63,7 + 464,6 + 64, 8> 

£1,-1,-1,-1,-1 = (62,3 — 61,4) £1,1,1,1,1 = (6e,8 + 65,7} £1,-1,-1,1,-1 = (62,3 + 61,4) 
£1,-1,-1,-1,1 — (62,4 — 61,3) £1,1,1,-1,1 = (65,8 — 65,7} £1,-1,-1,1,1 = (62,4 + 61,3) 



The indices of the components are not the indices of the grading, but the eigenvalues that 
{Adg(2),Gi,G 2 ,G 3 , G 4 } act with (e.g. the index {|, 1, -1, -1, -1} is for the element (-2, 0, 1, 1, 1) e 
Z X Zf). The universal group of the grading (see [2] for the definition) is just Z x Zj(= x(Qi))- 
These comments about the universal group and the order and eigenvalues of the automorphisms, 
are valid for all the gradings in this paper. 

Grading over Z 2 x Zij: Q 2 = ({Ad /(it), Adg(v), G 3 , G 5 \ u,v e C*}) S (C*) 2 x Z 2 is an 
abelian diagonalizable subgroup of AutL. In fact, it is the MAD corresponding to T^q ([5]). The 
simultaneous diagonalization of L relative to this subgroup of automorphisms is of type (20,4): 



£ i i _i _i = (6i,e + 461,8 — 62,5 - 462,7 + 463,6 - 63,8 — 464,5 + 64.7) 

2 ' 3 ' ' 

£11-11= (61.5 + 461,7 — 62.6 - 462,8 + 463.5 - 63,7 — 464,6 + 64,8} 
2 ' 3 ' ' 

£1 i] -1 = (—61,6 — 461,8 — 62,5 — 462,7 — 463,6 + 63,8 — 464,5 + 64,7) 



2 ' 3 ' 



(—61,5 — 461,7 — 62,6 — 4623 — 463,5 + 63,7 — 464,6 + 643) 



_i = (-61,6 + 461,8 + 62,5 - 462,7 - 463 



+ 464,5 + 64,7) 



£1 : 

2 ' : 

Lin 

2> d 

£ 1 ,3,-1.1 = (—&1,5 + 4'6l,7 + 62,6 — 4'62,8 — 463,5 — 63,7 + 4'64,6 + 64,8} 
£.1 ,3,1,_1 = (61,6 — i'6l,8 + 62,5 — i'62,7 + 463,6 + 63,8 + 464,5 + 64,7) 
£ 1 ,3,1,1 = (61,5 - 4'6i,7 + 62,6 — 4'62,8 + 463,5 + 63,7 + 464,6 + 64,8) 
£ 2 ,I,_i,-i = (— &1,6 - *6l,8 + 62,5 + 462,7 + 463,6 — 63,8 — 464,5 + 64,7) 
^2,4,-1,1 — (~ & 1,5 — *&1,7 + &2,6 + 4'62,8 + 463,5 - 63,7 - 464,6 + 64,8) 
£0 I , _x = (61,6 + 46i,8 + 62,5 + 462,7 



£, - , , 

' 3 ' ' 

2,1,1,-1 = ( fe l,6 + 4'6i,8 + 62,5 + 4'62,7 - 463,6 + 63,8 - 464,5 + 64,7} 
£2,1,1,1 = ( & 1,5 + ife l,7 + 62,6 + i'62,8 - 463,5 + 63,7 - 464,6 + 6 4 ,8> 
£2,3,-1,-1 = (61,6 — 4'6i,8 - 62,5 + 4'62,7 — 463,6 - 63,8 + 464,5 + 64,7) 
£2,3,-1,1 = (61,5 - 4'6i,7 - 62,6 + 462,8 - 463,5 - 63,7 + 464,6 + 64, g) 
£2,3,1,-1 = ( — 61,6 + 4'6i,8 — 62,5 + 462,7 + 463,6 + 63,8 + 464,5 + 64,7) 
£2,3,1,1 = ( — 61,5 + 461,7 — 62,6 + 462,8 + 463,5 + 63,7 + 464,6 + 64,3) 

= (61,3 + 62,4, 65,7 + 66,8) £l,l,-l,-l = (61,2 + 63,4, 65,6 + 67,8) 

(-61,3 + 62,4, -65,7 + 6 B ,8) £l,l,l,-l = (61,4 + 62,3, 65,8 + 65,7) 

= (-61,2 - 4'6i,4 + 462,3 + 63,4} £l,9,-l,-l = (-65,6 + 465,8 - 4'6 6 ,7 + 67,8) 



£l.l,l,l = 
£l,l,-l,l 

L i.l,-1." 

£4,1,-1,-1 = (-61,2 + 461,4 - 462,3 + 63,4) L 1 



= (-6; 



5,6 



465,8 + 4'6 6 ,7 + 6 7 ,8> 
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Grading over Z|: Q 3 = ({G 6 , G\, G 2 , G 3 , G 7 }) = Z| is a MAD of AutL, corresponding to 
Tq~1. The simultaneous diagonalization of L relative to the quasitorus Q 3 is of type (24, 0, 0, 1), with 

£1,1,1,-1,-1 = (&i,2,b3,4,&5,6,&7,8) and: 

£-1,-1,1,-1,-1 = {—bl,8 + &2,7) £-1,-1,1,-1,1 = ( — &1,7 + ^2,s) £-1,-1,1,1,-1 = (6l,8 + ^2,7) 

£-1,-1,1,1,1 = (bl,7 + &2,8) £-1,1,-1,-1,-1 = ( — 63,8 + &4,7) £-1,1,-1,-1,1 = ( — &3,7 + 64,8) 

£-1,1,-1,1,-1 = (&3,8 + &4,7) £-1,1,-1,1,1 = (63,7 + &4,s) £-1,1,1,-1,-1 = ( — &5,8 + &6,7) 

£-1,1,1,-1,1 = ( — &5,7 + &6,s) £-1,1,1,1,-1 = (65,8 + ^6,7} £-1,1,1,1,1 = (65,7 + &6,s) 

£l,-l,-l,-l,-l = (—6l,4 + &2,3) £l,-l,-l,-l,l = ( — 6l,3 + b'2,4} £l,-l,-l,l,-l = (6l,4 + 62,3) 

£1,-1,-1,1,1 = (61,3 + b'2,4) £1,-1,1,-1,-1 = (— 61,6 + b'2,5) £1,-1,1,-1,1 = (—61,5 + &2,6> 

£1,-1,1,1,-1 = (61,6 + ^2,5) £1,-1,1,1,1 = (61,5 + b2,e>) £1,1,-1,-1,-1 = (—63,6 + ^4,5) 

£l,l,-l,-l,l = ( — &3,5 + &4,6) £l,l,-l,l,-l = (b[i,(i + &4,5) £l,l,-l,l,l = (&3,S + f>4,6) 

Grading over Z x Z^ : Q 4 = ({Ad h(u), G s , G 9 , G 3 , G 5 \ u e C*}> S (C*) x Z| is a MAD of 
AutL, corresponding to T^q. The simultaneous diagonalization of L relative to the quasitorus Q4 
is of type (28): 

£l,-l,-l,-l,-l = (&1,8 — b2,7 — &3,6 + ^4,5} £l,-l,-l,-l,l = (— &1,3 + ^2,4 — f>5,7 + &6,8) 
£l,-l,-l,l,-l = (61,4 + &2,3 + &5,8 + hj) £l,-l,-l,l,l = (bl,3 + b 2 ,4 + &5,7 + &6,8) 

£l,-l,l,-l,-l = (— 6l,2 + &3,4 — &5,6 + &7,8) £l,-l,l,-l,l = (6l,5 — ^2,6 — &3,7 + &4,8) 
£l,-l,l,l,-l = ( — 61,6 — f>2,5 + &3,8 + 64,7) £l,-l,l,l,l = (— &1,5 — &2,6 + f>3,7 + &4,8) 
£l,l,-l,-l,-l = (— 6l,4 + &2,3 — f>5,8 + £>6,7) £l,l,-l,-l,l = (— &1,7 + f>2,8 — f>3,5 + &4,6) 
£l,l,-l,l,-l = (61,8 + b 2 ,7 + b 3 ,6 + 64,5} £l,l,-l,l,l = (bl,7 + 62,8 + &3,5 + &4,6) 

£l,l,l,-l,-l = (6l,2 + f>3,4 + b&,6 + b 7 ,8) £l,l,l,-l,l = (-&1.5 + ^2,6 - f>3,7 + &4,8) 

£l,l,l,l,-l = (&1,6 + f>2,5 + &3,8 + 64,7} £l,l,l,l,l = (&1,5 + &2,6 + £>3,7 + &4,8) 

£l j _l ) _l ] _l i l = (&1,3 + ibl,7 — &2,4 — i&2,8 — ^3,5 + «&4,6 — &5,7 + &6,8) 
£l,_l i _l ] l i _l = (-&1.4 ~ ibl,S - 62,3 - «&2,7 + «&3,6 + *&4,5 + f>5,8 + ^6,7} 

Li .1.111 = {~bi,3 - ibi,7 - b 2 ,4 - i&2,8 + 163,6 + ibAfi + h,7 + &6,s) 

4 1 t j > 

£1 _! 1 _i _i = (&1,2 + lfel,6 — i&2,5 - 63,4 — «&3,8 + *&4,7 — &5,6 + &7,s) 

4 1 i i i 

£ 1 ,1,-1,-1.-1 = (&1,4 + ibl,& — &2,3 — «&2,7 + »&3,6 — «&4,5 — &5,8 + hj) 
£1 ,1,1,-1,-1 = (~bl,2 - ibl } 6 + i&2,5 - &3,4 - «&3,8 + i&4,7 + 65,6 + &7,8> 
£4,-1,-1,-1,1 = (6l,3 — ibl,7 — &2,4 + «&2,8 + «&3,5 — «&4,6 — &5,7 + t>6,8) 

£4,-1,-1,1,-1 = (-&i,4 + ibi,a - b 2 ,i + ib 2 ,7 - ih,6 ~ i&4,5 + 65,8 + ^6,7) 

£4,-1,-1,1,1 = (—6l,3 + ibl,7 - &2,4 + «&2,8 - «&3,5 - «&4,6 + &5,7 + &6,8> 
£4,-1,1,-1,-1 = (6l,2 — ibl,e + i&2,5 - &3,4 + i&3,8 - j&4,7 - &5,6 + &7,8> 
£4,1,-1,-1,-1 = (&1,4 - ibl,8 - &2,3 + ib2,7 - i&3,6 + «&4,5 - &5,8 + &6,7> 

£4,1,1,-1,-1 = (—61,2 + ibi,e - i&2,5 - £>3,4 + ibs,s - 164,7 + 65,6 + b 7 ,s) 

Grading over l7 2 : Q 5 = ({F, \ i = 1, . . . , 7}) l7 2 is a MAD of Aut L, corresponding to T^. 
The simultaneous diagonalization of L relative to it is of type (28): 

£1,-1,-1,1,1,1,1 = (^6,7) £1,-1,1,-1,1,1,1 = (65,7) £1,-1,1,1,-1,1,1 = (^4,7) £1,-1,1,1,1,-1,1 = (63,7) 

£l,-l,l,l,l,l,-l = (&2,7) £l,-l,l,l,l,l,l = (bl,7) £l,l,-l,-l,l,l,l = (65,6) £l,l,-l,l,-l,l,l = (&4,6) 
£l,l,-l,l,l,-l,l = (63,6) £l,l,-l,l,l,l,-l = (&2,6) £l,l,-l,l,l,l,l = (6l,6) £l,l,l,-l,-l,l,l = (&4,5) 

£1,1,1,-1,1,-1,1 = (63,5) £1,1,1,-1,1,1,-1 = (62,5) £1,1,1,-1,1,1,1 = (61,5) £1,1,1,1,-1,-1,1 = (63,4) 
£1,1,1,1,-1,1,-1 = (62,4) £1,1,1,1,-1,1,1 = (61,4) £1,1,1,1,1,-1,-1 = (62,3) £1,1,1,1,1,-1,1 = (61,3) 
£1,1,1,1,1,1,-1 = (^1,2) £-1,-1,1,1,1,1,1 = (&7,8) £-1,1,-1,1,1,1,1 = {be,s) £-1,1,1,-1,1,1,1 = (65,8) 

£-1,1,1,1,-1,1,1 = (&4,s) £-1,1,1,1,1,-1,1 = (63,8} £-1,1,1,1,1,1,-1 = (&2,s) £-1,1,1,1,1,1,1 = (&1,8) 

Grading over Z x 7L\: Q 6 = ({p(u), Fg, F 7 , F 6 ,F 5 , F 4 \ u e C*}) = C* x Z^ is again an abelian 
diagonalizable subgroup of Aut L, concretely the MAD T^g . The simultaneous diagonalization of L 
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relative to the quasitorus Q§ is of type (28): 

£i, -1,1, 1,1,1 — {it>l,7 + 6l,8) £i, 1,-1, 1,1,1 = {ib2,7 + b-2,8) 

£l, 1,1, -1,1,1 ~ {ib3,7 + 63,8) £1,1,1,1,-1,1 ~ {ib4,7 + &4,s) 

£i, 1,1, 1,1,-1 = (ib5,7 + hfi) £i, 1,1, 1,1,1 = (*&6,7 + &6,8) 

1/2,-1,1,1,1,1 = (— ibij + 61,8) £2, 1,-1, 1,1,1 = { — ib'2,7 + &2,s) 

1/2,1,1,-1,1,1 = {-ib;i,7 + 63,8) £2, 1,1, 1,-1,1 = (— «&4,7 + &4,8) 

1/2,1,1,1,1,-1 = { — ibr,,7 + 65,8) £2, 1,1, 1,1,1 = { — i£>6,7 + &6,8) 

£1, -1,-1, 1,1,1 = (61,2) £1,-1,1,-1,1,1 = (bi,s} £1, -1,1, 1,-1,1 = (^1,4) £1, -1,1, 1,1,-1 = (61,5) 

£l, -1,1, 1,1,1 = (6l,6) Ll, 1,-1, -1,1,1 = (&2,3) £l, 1,-1, 1,-1,1 = (&2,4) £l, 1,-1, 1,1,-1 = (&2,5) 

£l, 1,-1, 1,1,1 = {b2,f>} £l, 1,1, -1,-1,1 = (b[i,4) £l, 1,1, -1,1,-1 = (&3,5) £l, 1,1, -1,1,1 = (&3,6) 
£l, 1,1, 1,-1,-1 = (&4,s) £l, 1,1, 1,-1,1 = (&4,6) £l, 1,1, 1,1,-1 = (fcs.e) £l, 1,1, 1,1,1 = (&7,s) 

Grading over Z 2 x Z^: Q 7 = ({p(u), F 8 , F 7 , F 6 , q(v) \ u,v e C*}) ^ (C*) 2 x is a MAD of 
Aut L, corresponding to T^°l , producing the following grading, of type (26, 1): 

£-2,1,1,1,3 = (-65,7 - ibs,8 - ibn,7 + b(i i8 ) £1,1,1,1, i = (^ b 5,7 + ibs,a + ibe,7 + &6,s) 
£2,1,1,1,1 = {bs,7 + i&5,8 - ibtj,7 + &6,8> £1,1,1,1,3 = {b^,7 - i&s,8 + ib&,7 + &6,s) 

£l,-l,l,l,l = + bl,») £1 ,i,_i, 1,1 = {ib2,7 + &2,8> £i,l, 1,-1,1 = ( ife 3,7 + &3,8) 

£1,1, 1,1,1 ~ {ib4,7 + &4,s) £1,-1,-1,1,1 = (61, 2) £1,-1,1,-1,1 = (&i, 3) 

£1,-1,1,1, i = {^1,5 + bifi) £1,-1,1,1,1 = (61,4) £1,-1,1,1,3 = (—ibi,B + fci,e) 

£1,1,-1,-1,1 = (62,3) £1,1,-1,1,1 = {ib 2 ,s +&2,e) £1,1,-1,1,1 = (62,4) 

£l,l,-l,l,3 = { — i&2,5 + b 2 fi) £l,l,l,-l,I = (i&3,5 + 63,6) £l,l,l,-l,l = (&3,4) 

£l,l,l,-l,3 = ( — ib-i,5 + 63,6} £l,l,l,l,l = («&4,5 +&4,6) £l,l,l,l,l = (&5,6, &7,8) 

£l,l,l,l,3 = { — 't&4,5 + &4,6) £2,-1,1,1,1 = (— 1&1,7 + &1,8) £2,1,-1,1,1 = { — i&2,7 + &2,8) 

£2,1,1,-1,1 = { — ib3,7 + &3,s} £2,1,1,1,1 = {~ib4,7 + &4,8) 

Grading over Z^ xZ 4 : Q 8 = ({G 8 , Gi , Gu, G12}} = Z| xZ 4 is a MAD of Aut L, corresponding 
to Tq2i which produces in L a grading of type (24, 2): 

£-1,-1,-1,-, = (l6l,7 + bl,8 + i&2,7 - &2,8 — «&3,5 — &3,6 — ^4,5 + &4,6) 
£-1,-1,-1,1 = (— lbl,7 + bl,8 — i&2,7 — f>2,8 + «&3,5 — &3,6 + ^4,5 + &4,e) 
£-1,-1,1,-1 = {—lbl,7 — bl,8 + i&2,7 — f>2,8 + '«£>3,5 + f>3,6 — #>4,5 + 64,6} 
£-1,-1,1,1 = {ibl,7 — bl,8 — i&2,7 — &2,8 — «&3,5 + &3,6 + «&4,5 + &4,6) 
£-1,1,-1,-, = (i6l,5 + bl,6 + 1&2.5 - &2,6 - i&3,7 ~ &3,8 - «&4,7 + &4,s) 
£-1,1,-1,, = (— ifel.S + bl,6 — l&2,5 - b 2 ,6 + «&3,7 - &3,8 + i&4,7 + &4,8) 
£-l,l,l,-i = (— ifel.S - bl,6 + i&2,5 - &2,6 + i&3,7 + &3,8 - i&4,7 + 64,8) 

£-i,i,i,t = {ibi,5 - bi }6 - ib 2 ,5 - &2,6 - ih,7 + b 3 ,s + «&4,7 + b 4 ,s) 

£l,-l, -1,-t = (—^1,7 — bl,8 — «&2,7 + &2,8 — «&3,5 — &3,6 — ^4,5 + &4,6) 
£1,-1, -l,i = {ibi,7 - bi }S + ibi.7 + b 2 ,a + ib 3 ,5 - 63,6 + «&4,5 + &4,6) 
£l,-l, 1,-j = («6l,7 + bl,8 — ib 2 ,7 + &2,8 + «&3,5 + &3,6 — i&4,5 + &4,6) 
£l,-l, 1,« = (—ibl,7 + bl,8 + i&2,7 + &2,8 - «&3,5 + &3,6 + ^4,5 + &4,6) 
£l,l,-l,-, = (— ifcl,5 — bl,6 — «&2,5 + &2,6 — i&3,7 — &3,8 — ^4,7 + &4,8) 
£l,l, -l,i = («&1,5 — bl,6 + ib 2 ,5 + 62,6 + ibs,7 — &3,8 + «&4,7 + &4,8) 

£i,i,i,-t = {ibi,5 + bi }6 - ib 2 ,r, + 62,6 + ih, 7 + b 3 ,s - i&4,7 + b 4 ,s) 
£1,1, l,t = (-ifci,5 + bi, 6 + 162,5 + 62,6 - «f>3,7 + 63,8 + ib4,7 + 64,8} 

£-1,-1,-1,-1 = (65,8 + ^6,7) £-1,-1,-1,1 = {-61,3 + 62,4} 

£-1,1,-1,-1 = {—61,2 + 63,4) £-1,1,-1,1 = {—65,6 + 67,8) 

£1,-1,-1,1 = (-65,8 + b 6 ,7) £1,1,-1,1 = (65,6 + 67,8) 

£1,1,-1,-1 = (61,2 + 63,4) £_i,_i,i,_i = (bi, 4 + 62,3, -65,7 + 6 6 ,s} 

£1,-1,-1,-1 = {—61,4 + 62,3) £-1,-1,1,1 = {61,3 + 62,4, 65,7 + 6e,s) 
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Grading over Z 3 x Z 2 : Qg = ({p(u), F 8 ,r(v),q(w) \ u,v,w e C*}) = (C*) 3 x Z 2 is an abelian 
diagonalizable subgroup of Aut£, concretely is the MAD-group TqQ, which produces a grading of 
type (25,0,1): 

Ll 11: 1 = {-65,7 + 265,8 + «&6,7 + &6,8) Ll ]1 _ 1 _j = (-63,7 + 263,8 + 264,7 + 6 4 ,8> 
£3, 1,1, 3 ~ (&5,7 — ^5,8 + «&6,7 + b(i : s) £l, 1,5,1 = {^3,7 — ibs,S + 2&4,7 + &4,8) 

£1,1, 1 , 1 = (—63,5 + 263,6 + 164,5 + 64,6) £1,1,5,1 = (63,5 — 263,6 + 264,5 + 64,6) 

^1 1 I 3 = (&3,5 + 2&3,6 - 2&4,5 + 64,6} -^1,1,5,3 = (-63,5 - 263,6 - i&4.5 + 6 4 ,6> 

£2lil = ( fe 3,7 + 263,8 " 264,7 + &4,s) i 2 ! ! 1 = (65,7 + 265,8 — «&6,7 + h,s) 

£2,1,1,3 = ( — 65,7 — 265,8 — «&6,7 + fee.s) £2,1,5,1 = ( — 63,7 — i&3,8 — «&4,7 + &4,s) 

£|,-1, 1,1 = (^1,7 + 6l, s) £l,l,l,l ~ (262,7 + &2,8) £l,-l, i ,1 ~ (*bl,3 + &1,4> 

£1,-1,1, i = (*6i,5 + bi,6> £1,-1,1,1 = (61,2) £1,-1,1,3 = (-*bl,5 + 6l,6> 

£l,-l,5,l = (-ibl,3 + &1,4) £l,l,I,l = ( ife 2,3 + &2,4) £l,l,l, i = ( ife 2,5 + b2,e) 
£l,l,l,l = (^3,4, &5,6, 67,8} £l,l,l,3 = { — ib-2,5 + ^2,6) £l,l,5,l = { — ib'2,3 + 62,4) 

£2,-1,1,1 = (—261,7 + bi, 8 ) £2,1,1,1 = (—262,7 + b 2 , g ) 

Grading over Z 4 : Q 10 = ({Adp(u), Ad s(u), Ad r(to), Ad q(z) \ u,v,w,z £ C*}} ^ (C*) 4 is 
an abelian diagonalizable subgroup of Aut £ (corresponding to T 8 q ) . The simultaneous diago- 
nalization of L relative to the quasitorus Qio is of type (24,0,0,1). Of course it is the Car- 
tan grading, in other words, the decomposition in root spaces relative to the Cartan subalgebra 

£l,l,l,l = (&1,2, 63, 4, 65,67 &7,8) : 

£1,1 .1,1 = (— bl,7 + ibl,8 + 262,7 + b 2 , 8 ) £l = ( — ^3,7 + 263,8 + 264, 7 + 64,8) 

£1,1,1,1 = (— 65,7 + 165,8 + j6e,7 + 66,8) £1,1,1,3 = fis, 1 ~ *'65,8 + *66,7 + 66, 8 ) 

£5,1,5,1 = ( &3 - 7 ~~ * & 3,8 + * &4 > 7 + &4 > 8 ) £i,7,l,l = (6l,7 - «6l,8 + i&2,7 + 62,8) 

£1, 1,1,1 = ( — 61,3 + 261,4 + 162,3 + 62,4} £1, 1,1,1 = (—61,5 + ibi,6 + 162,5 + 62,6} 
£i,i,5,i = (61,3 + 161,4 - 262,3 + 62,4) £ x , 1 ,1.3 = (61,5 + i6i, 6 - i6 2 , 5 + 6 2 ,6> 

£l,l, 1,1 = ( — 63,5 + ^63,6 + 164,5 + 64,6) £1,1. 1,3 = (63,5 + 263,6 — 164,5 + 64,6) 
£1,1,5, i = (63,5 - 263,6 + i& 4 ,5 + 64,6) £1,1,5,3 = (-63,5 - 263,6 - 264,5 + 6 4 ,6> 

£l 7 I 1 = (6l,3 - 261,4 + i6 2 ,3 + 62,4} £1 7 1 I = (61,5 - «6l,6 + l6 2 ,5 + 6 2 ,6> 

' ' 5 ' ' ' ' 3 

£l,7,5,l = (-61,3 - 261,4 - i6 2 ,3 + 62,4} £l,7,l,3 = (-6l,5 - 261,6 - 262,5 + 6 2 ,6> 

£ 2 , 1,1,1 = (6l,7 + 261,8 - i&2,7 + b 2 ,8> £2,l,i,l = (63,7 + «63, 8 - 264,7 + 64, 8 > 

£2,1,1, i = (65,7 + 265,8 - 2'6 6 ,7 + b 6 ,8> £2,1,1,3 = (-65,7 - 265,8 - 266,7 + 6 6 ,8> 

1/2,1,5,1 = ( — 63,7 — 263,8 — 264,7 + 64,8) £2,7,1,1 = ( — 61,7 — 261,8 — 262,7 + 62,8) 

Grading over Z|: Q lx = ({G 8 , G w , G 13 , G 3 , G 7 , G u }} = J% is also a MAD of AutL, corre- 
sponding to Tq j. The induced grading is of type (28): 



£-1,-1,-1,-1,-1,-1 = (61,8 — 62,7 — 63,6 + 64,5} 
£-1,-1,-1,1,-1,1 = (-61,8 - 62,7 + 63,6 + 64,5} 

£-1,-1,1,-1,1,-1 = (61,3 — 62,4 — 65,7 + &6,8) 
£-1,-1,1,1,-1,-1 = ( — 61,4 — &2,3 + 65,8 + 66,7} 
£-1,-1,1,1,1,-1 = ( — 61,3 — 62,4 + 65,7 + &6,8) 
£-1,1,-1,-1,-1,1 = (61,6 — 62,5 — 63,8 + 64,7} 
£-1,1,-1,1,-1,-1 = (-61,6 - 62,5 + 63,8 + 64,7} 
£-1,1,1,-1,-1,-1 = (61,2 — 63,4 — &5,6 + 673) 
£l,-l,-l,-l,-l,l = ( — 61,8 + 62,7 — 63,6 + 64,5) 
£l,-l,-l,l,-l,-l = (61,8 + 62,7 + 63,6 + 64,5) 
£l,-l,l,-l,-l,-l = (61,4 — 62,3 — 65,8 + 66,7) 
£l,l,-l,-l,-l,l = ( — 61,6 + &2,5 — 63,8 + 64,7} 
£l,l,-l,l,-l,-l = (61,6 + 62,5 + 63,8 + 64,7} 
£l,l,l,-l,-l,-l = ( — 61,2 — 63,4 + 65,6 + 67,8} 



£-1,-1,-1,-1,1,1 = (61,7 — 62,8 — 63,5 + 64,6} 
£-1,-1,-1,1,1,1 = (-61,7 — 6 2 ,8 + 63,5 + 64, 6> 
£-1,-1,1,-1,1,1 = (-61,3 + 6 2 ,4 - 65,7 + &6,8) 
£-1,-1,1,1,-1,1 = (61,4 + 62,3 + 65,8 + 6 6 ,7) 
£-1,-1,1,1,1,1 = (61,3 + 62,4 + 65,7 + &6,8) 

£-1,1,-1,-1,1,-1 = (61,5 — 62,6 — 63,7 + 64,8} 

£-1,1,-1,1,1,-1 = ( — 61,5 — &2,6 + 63,7 + 643) 

£-1,1,1,-1,-1,1 = (—61,2 + 63,4 — 65,6 + 673) 

£l,-l,-l,-l,l,-l = ( — 61,7 + &2,8 — 63,5 + &4,e) 

£1,-1,-1,1,1,-1 = (61,7 + 62,8 + 63,5 + bifi) 

£l,-l,l,-l,-l,l = (-61,4 + 62,3 - 65,8 + 6 6 ,7> 

£1,1,-1,-1,1,-1 = (-61,5 + 62,6 - 63,7 + 64,8) 
£1,1,-1,1,1,-1 = (61,5 + 62,6 + 63,7 + 64,8} 

£l,l,l,-l,-l,l = (61,2 + 63,4 + b 5 ,6 + 673) 
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In order to describe the gradings involving a copy of Z 3 , we introduce new automorphisms. Fix 
B = {b\, ... , 628} a basis of L of root vectors (take the basis produced by Qm, suitably ordered, to 
express the remaining three gradings also in terms of bij), and let (Pi,j(bk) = $k,jbi for i, j, k = 1 . . . 28. 
Define 



Hi = ip'2,4. + <fi3,l + f3,2 + V?5,27 + ¥>6,8 + ip7,9 + </?8,25 + ¥>11,12 + ^12,26 + ¥>13,18 + ^14,23 

+ ^17,15 + ¥>18,20 + <£19,21 + 1/320,13 + ^23,24 + ^24,14 + ¥>25,6 + ¥>26,11 — V>1,1 — fl,2 — <£l,3 
— (£>1,4 — 1^4,2 — ^4,4 — ¥?9,22 — 1^10,19 _ ¥>15,28 — ¥>16,5 — f21,W — <£>22,7 — <£>27,16 _ <^28,17 
H2 = <p2,2 + <p2,3 + <fi2,4 + + 1^5,26 + <fi6,16 + ¥>7,19 + fS,r> + <fil(),22 + ^11,13 + ¥>12,18 + ^14,8 

+ ^15,23 + ^16,12 + ¥>17,14 + ^18,28 + ¥>19,7 + V?20,17 + V?22,10 + ¥>23,25 + ^24,6 + ^26,20 
+ 1^27,11 + ¥>28, 24 — ¥>1,1 — <fil,3 — ¥>1,4 — <fi3,3 — (£9,21 — ¥>13,15 — 1^21,9 — </?25,27 — 2<fil,2 

1 1 

x y z u xy xyz yz ' uxy ' 



, r 2 111111 

tx, y ,z,u ■= diagja;, y,z,u,xy, xyz, yz, uxy, uy, uxy z,uxyz,uyz, -, -, -, -, — 



11 11 

uy ' uxy 2 z ' uxyz ' uyz 



Grading over Zg 1 : If we denote 



-(-l)a, Q12 = ({ti,^,uj 2 ^ 2 ,tu 2 ,i,w 2 ,i,Hi}) = Zl is an 



abclian diagonalizable subgroup of AutZ, inducing a grading of type (24,2): 



£l,l,o, = (-w&i - Lub 2 + 63, (1 + w)&2 + &4> 
£1,1,0,2 = <-^ 2 6i - uj' 2 b 2 + b 3 , (1 + tu 2 )b 2 + bi) 



£1,0,, 1 = (613 + bis + &20) 
L\,uj,uj 2 = (ubvi + u 2 bi8 + 620) 

£l,o, 2 ,u, = (^ 2& 6 + + b 25) 

= (—i»15 — &17 + b 2 s) 
L wl jU 2 = (— w 2 6is — W&17 + &28) 
= <-^ 2 &l() + W&19 + &21> 
£o,,o, 2 ,l = {^14 + &23 + &24) 
i U)U 2y = (w&14 + W 2 623 + &24) 
L w 2 ,l,w = ( W& S ~ ^ 2 &16 + &27) 
£o, 2 ,o,,l = + &12 + &26) 

£o, 2 ,o,,o, 2 = (w6n + o; 2 6i2 + 625) 

= (—L0 2 b7 — U>&9 + 622) 



j O,^ ,0,^ ,0, 



Grading over 



<3l3 = ({*„ 



■ tl 



= (l^ 2 &13 + ^&18 + &20) 

£i,o, 2 ,i ~ (be + bs + 625) 

il,a,2, u 2 = (w&6 + ^ 2 &8 + &25> 
£u,l,u = (-W&15 - W 2 &17 + &28> 

Lu,»,i = (—610 + bi9 + 621) 

L w,w,u, 2 = (-W6l0 + ^ 2 &19 + &21> 
i w ,u 2 ,w = (^ 2 &14 + W&23 + &24) 
^w 2 ,l,l = ( &5 _ &1 6 + & 27) 
^^2 jlj[J 2 = (tJ 2 &5 — W&16 + &27) 

= (^ 2 fen + ^^12 + b 26 ) 

^w 2 ,w 2 ,l = ( — ^7 — bg + 622) 
£w 2 ,w 2 ,w 2 = ( — w ^7 — W 2 &9 + &22) 

1 ^iJf I «,w e C*}) = (C*) 2 x Z 3 is an abclian 



diagonalizable subgroup of AutL, which produces a grading of type (26, 1): 



= (tubs + LU 2 bl7 + b2d) 



Li 



Li A1 = (f>8 + bn + 626} ii_ 
ii )liU 2 = (^ 2 &s + ub 17 + 6 2 e) 

^1 ,3,0, = (W 2 6l3 - W&23 + 627) 
-£-1,1,1 = (6l6 + &18 + &24) 

Ll,l,<- = (^61 + T^ & 2 + ^-J&3 + &4> -^1,1,^2 = {^bl + j^b2 + j^bs + b 4 ) 

£l,3,l = (&6 + &12 + &28) £1,3,0, = (^ 2 &6 + ub\2 + b2») 
£l,3,a, 2 = (^6 + ^ 2 &12 + &28> 



j.3,1 — ( &1 3 _ & 23 + &27) 
£1 ,3,0,2 = (W&13 — CJ 2 &23 + &27) 
£l I o, = (^ 2 &16 + ^&18 + &24) 



£2,1,0, = (-^ 2 &n + ub 15 + 625) 

£2,1,1 = (&8 + &14 + &2o) 

£1, 1,0,2 = {ujbie + LU 2 bl8 + &24) 

£1,1,1 = (bi + b 2 , 63) £i,3,i 
£1,9,1 = (&19) £2,1,1 



£2,i,l = (-^11 + blS + &25> 

£2,1,0,2 = (-w6n + w 2 &i 5 + 625) 
£2,1,0, = (wbs + u; 2 b 14 + 620} 

£2,1,0,2 = (w 2 &6 + w &14 + &20) 



(&22> 
(&7> 



Lj_ 1 , = 

2 ' 3 ' 

£2,3,1 = 



(62 



-4,1,1 = ( fe i«) 
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Grading over Z| x Z3: Q14 = ({{1,-11,1, Li -1-1,-1, fij}) = Z| x Zg is an abelian diagonal- 
izable subgroup of AutL, producing a grading of type (14. 7): 

£-1,-1,-1 = (be + 612 — 616 — big — &24 + &28, —610 + 622) 
£-1,-1,1 = (be + bi2 + bis + bis + i>24 + &28, bio + ^22) 

£-1,1,-1 = ( — 611 + 613 + 615 — &23 + &25 + b 2 7, bg + b 21 ) 

£-1,1,1 = (611 + 613 - 615 - 623 - 625 + 627, -69 + 621) 
£1,-1,-1 = (— b 5 + fe 8 - fei4 + fei7 - 620 + fe26, —67 + big) 

£l,-l,l = (6 5 + 6 8 + &14 + fel7 + 620 + fe26, &7 + bl9> 

Li,i,_i = (b 3 , fei + 62) 

£-1,-1, w = (ub 6 + C; 2 fei2 + &16 + ^fel8 + OJ 2 fe 2 4 + &28) 

L_i,_i, _ w = (cube + cu 2 b 12 - &ie - t^feis - uj 2 b 24 + b 2 $) 

£_1, _l,_^2 = (CJ 2 & 6 + Ldbi 2 — bis — <^ 2 fel8 - ^&24 + &28) 
£_1 ,-l, u 2 = ((x) 2 6 6 + W612 + foio + <^ 2 bl8 + ^&24 + &28} 

£-i,i,a> = (^ 2 bn + wbia - 615 — t<j 2 fe 2 3 - ub 25 + b 27 ) 

L_l,l,_ w = (— CJ 2 bn + Wbl3 + 6lS — W 2 &23 + ^&25 + b 27 ) 
£_l,!,_ w 2 = (— Wbll + W 2 &13 + 6lS - ^&23 + ^ 2 fe25 + b 27 ) 
£-l,l,o. 2 = (fbll + t^ 2 fel3 - fel5 - W&23 - W 2 &25 + b 27 ) 
£l,-l,o. — {i0b 5 + LU 2 b$ + 614 + LJ&17 + Ci; 2 fe20 + &26) 
£l,-l, -w = {— ^fes + ^ 2 &8 — &14 + W&17 — W 2 &20 + &26) 

1/1,-1,-^2 = (-u> 2 b 5 + tubs - bi4 + o; 2 bi7 - Lub 20 + b 2S ) 
£1,-1, o> 2 = (<^ 2 b5 + ^bs + bi4 + o; 2 bi7 + wb 20 + b 2a ) 
£1,1,-0. = (^rf-j^bi - ^ba - ^-jba + b 4 > 
£1,1,-0.2 = (i^bi + ri^rb 2 + rrg^bz + b 4 > 
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